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In this article, we investigate the error bound of quantum discord, obtained by the analytic
formula of Ali et al.[Phys. Rev. A 81(2010), 042105] in case of general X states and by the analytic
formula of Fanchini et al.[Phys. Rev. A 81(2010), 052107] in case of symmetric X states. We show
that results of Ali et. al. to general X states and Fanchini et al. to symmetric X states may have
worst-case error of 0.004565 and 0.0009 respectively.
I. INTRODUCTION
A key ingredient in understanding quantum informa-
tion may be quantum correlation. A well-known example
of quantum correlation is entanglement. An entangle-
ment cannot be obtained by a local operation and clas-
sical communication(LOCC)[1, 2]. An entanglement is
known to be very fragile to a local noisy channel. Fur-
thermore, it was shown that a quantum state without
entanglement contains non-locality[3]. L. Henderson and
V. Vedral[4] suggested a method to obtain a classical cor-
relation between parties. H.Ollivier and W.H.Zurek[5]
defined a quantum correlation called quantum discord.
The quantum discord can be understood as the quan-
tum correlation which is the total correlation minus the
classical correlation in a bipartite quantum state. Quan-
tum discord can contain a value even in a separable
state[5]. The quantum discord is invariant under uni-
tary operation[4, 5]. In addition, quantum discord seems
to have a relation with noisy teleportation, entangle-
ment distillation and quantum state merging[6]. Some
experimental effort to check quantum discord are under
progress[7, 8].
Quantum discord depends on the measurement set-
ting. In [5] a projective measurement was used in ob-
taining quantum discord. The measurement for optimal
quantum discord should build the maximum of the clas-
sical correlation. It was shown in [9] that 2 element op-
timal POVM should be projective measurements. Quan-
tum discord for a Bell-diagonal state was analytically
obtained[10]. Much research has had a focus on find-
ing the quantum discord of the X state[12–18].
There are two reasons why the quantum discord of the
two qubit X states becomes significant. The first reason
is that the X state can be obtained through a unitary
transformation to a two qubit state. The second one is
that the general two qubit state can become a X state
under a noisy channel[11]. Ali et. al. [12] tried to find an
analytic formula of quantum discord to X state. How-
ever, it is known that the result of [12] holds only to
special X state[13]. Fanchini et. al. [14] tried to find an
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analytic formula of the quantum discord for symmetric X
state. Recently, by using von Neumann measurement Y.
Huang showed that the result of [12] may be valid with
some worst-case error[15].
In this report we show that three element POVM can
provide a better quantum discord. Shi et. al[16, 17]
showed that there are some quantum states where 3 el-
ement POVM should be used for optimal quantum dis-
cord. The optimality for 3 element POVM can be found
by a triangle formed by the direction vectors. By using
3 element POVM, we numerically obtained the quantum
discord to the quantum state considered in [15, 18] and
compared it with the result of [15].
II. QUANTUM DISCORD
The total correlation between the classical subsystem
A and B can be defined by I(A : B) = H(pA) +
H(pB) − H(pA, pB). Here H(pX)(X can be A or B)
is the Shannon entropy of subsystem X. If the prob-
ability distribution of the subsystem becomes pX =
{pX1 , pX2 , · · · , pXn }, the Shannon entropy is found to be
H(pX) = −∑ni=1 pXi log2 pXi . H(pA, pB) is the joint
entropy of the total system composed of subsystem A
and B. When the probability distribution of the to-
tal system is known as {pABij }(i = 1, 2, · · · , n, j =
1, 2, · · · ,m), joint entropy is found to be H(pA, pB) =
−∑n,mi,j=1 pABij log2 pABij .
Let us consider the quantum case. In quantum infor-
mation one may consider the information of the quan-
tum system as the quantum state corresponding to the
system. Let ρAB denote the quantum state to total sys-
tem. Then the quantum states of subsystem A and B
can be found by ρA = TrBρ
AB and ρB = TrAρ
AB . The
Von Neumann entropy of X and the total subsystem are
given by S(ρX) = −Tr{ρX log2 ρX}(X becomes A or B)
and S(ρAB) = −Tr{ρAB log2 ρAB} respectively. There-
fore the total correlation of the quantum case is expressed
by
I(A : B) = S(ρA) + S(ρB)− S(ρAB). (1)
Total correlation given by Eq(1) contains the classical
and quantum correlation. Therefore in order to extract
the quantum correlation, one has to subtract the classical
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2correlation from the total correlation. When one consid-
ers the positive operator valued measurement(POVM)
{MBk } on subsystem B, the classical correlation can be
defined by Eq.(2)[4]
J(A|{MBk }) = S(ρA)− min{MBk }
∑
k
pkS(ρ
A
k ). (2)
Here ρAk is the state of subsystem A, given as ρ
A
k =
TrB{(1 ⊗ MBk )ρAB}.S(A|{MBk }) =
∑
k pkS(ρ
A
k ) is the
conditional entropy after measurement of subsystem B.
Therefore the quantum correlation between subsystem A
and B becomes[5]
δ{MBk }(A : B) = I(A : B)− J(A|{M
B
k })
= S(ρB)− S(ρAB) + min
{MBk }
∑
k
pkS(ρ
A
k ). (3)
This implies that optimizing Eq.(3) is identical to find
a measurement to minimize the conditional entropy
S(A|{MBk }). S(A|{MBk }) is unitary invariant[4].
The X state which appears in various physical cases[19,
20] is known to persist under local noisy channel[21]. The
Bell diagonal state and the Werner state[22] belong to the
X state. The general form of subsystem ρAB in two qubit
states becomes
ρAB =
1
4
{I ⊗ I +
∑
i
(AiI ⊗ σi +Biσi ⊗ I)
+
∑
i,j
tijσi ⊗ σj}. (4)
Here σi(i = 1, 2, 3) is Pauli’s spin matrices and ~A =
(A1, A2, A3), ~B = (B1, B2, B3) and tij can be found by
Ai = Tr{(I ⊗ σi)ρAB},
Bi = Tr{(σi ⊗ I)ρAB}, (5)
tij = Tr{σi ⊗ σj}ρAB}.
Without loss of generality, one may assume that all the
parameters are real. By applying unitary operations to
Eq.(4), one can get the X state ρABX
ρABX =
 a 0 0 0 b δ 00 δ c 0
 0 0 d
 . (6)
Here, every element of ρABX is real. a, b, c and d satisfies
a+ b+ c+ d = 1. Eq. (6) can be expressed as
ρABX =
1
4
(I ⊗ I +AI ⊗ σ3 +Bσ3 ⊗ I
+
∑
i
tiσi ⊗ σi). (7)
Here A,B, t1, t2 and t3 in Eq. (7) become
A = a− b+ c− d,
B = a+ b− c− d,
t1 = 2(δ + ), (8)
t2 = 2(δ − ),
t3 = a− b− c+ d.
III. OPTIMIZATION STRATEGY
One may ask whether there exists an optimal POVM
for conditional entropy compared to projective measure-
ment. In [9] it was shown that projective measurement is
the optimal condition for the 2 element POVM. There-
fore, one should consider more than two elements POVM.
In [17], they found that there is X state where 3 element
POVM can be optimal. As is well known, it is very diffi-
cult to handle the optimal 3 element POVM analytically.
The general form of 3 element POVM is expressed as [13]
MBk = µk(I + ~n(k) · ~σ), k = 1, 2, 3, µk > 0. (9)
Here, ~n(k) is the direction vector to MBk . Since,
|~n(k)| = 1, the positivity of MBk holds. When sub-
system B is measured by {MBk }, the post-measurement
state ρAk of subsystem A becomes ρ
A
k = [1 + {t1m(k)x σ1 +
t2m
(k)
y σ2 + (t3m
(k)
z + B)σ3}/(1 + Am(k)z )]/2, where
m
(k)
i (i = x, y, z) is a component of the kth element in
the direction vector ~m(k). The eigenvalues of ρAk are
{1±E(m(k)x ,m(k)y ,m(k)z )}/2. Here E(m(k)x ,m(k)y ,m(k)z ) is
defined by
E(m(k)x ,m
(k)
y ,m
(k)
z )
=
√
(t1m
(k)
x )2 + (t2m
(k)
y )2 + (t3m
(k)
z +B)2
1 +Am
(k)
z
. (10)
The probability to obtain outcome k turns out to be pk =
µk(1+m
(k)
z A). Therefore when 3 element POVM is used
for measurement, the conditional entropy S(A|{MBk })
can be found as
S(A|{MBk })
=
3∑
k=1
µk(1 +Am
(k)
z )h(E(m
(k)
x ,m
(k)
y ,m
(k)
z )). (11)
Here h(x) is a function defined as h(x) = − 1+x2 log2 1+x2 −
1−x
2 log2
1−x
2 . The complete condition to {MBk } becomes
[13]
µ1 + µ2 + µ3 = 1, (12)
µ1~n
(1) + µ2~n
(2) + µ3~n
(3) = 0. (13)
When there are three POVM elements, the direction vec-
tor for each element forms a triangle. The shape of this
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FIG. 1: A triangle composed of the direction vector
~n(1), ~n(2), ~n(3)
triangle depends on µ1, µ2 and µ3. Fig. 1 shows a tri-
angle made by ~n(1), ~n(2) and ~n(3) in the XY plane. θij
denotes the angle between the direction vectors ~n(i) and
~n(j). From Eq.(12)-(13) one can obtain three equations
to those angles
µ1 + µ2 cos θ12 + µ3 cos θ13 = 0,
µ1 cos θ12 + µ2 + µ3 cos θ23 = 0, (14)
µ1 cos θ13 + µ2 cos θ23 + µ3 = 0.
From Eq.(14) the relations between θ12, θ23, θ13 and
µ1, µ2, µ3 can be given as
θ12 = cos
−1 µ
2
3 − µ21 − µ22
2µ1µ2
,
θ23 = cos
−1 µ
2
1 − µ22 − µ23
2µ2µ3
, (15)
θ13 = cos
−1 µ
2
2 − µ21 − µ23
2µ1µ3
.
The condition where θ12, θ23, and θ13 are real can be
found from −1 < cos θ12, cos θ23, cos θ13 < 1, which be-
comes Eq.(16). Fig. 2 displays the region for (µ1, µ2)
where θ12, θ23, and θ13 are real.
|µ2 − µ3| < µ1 < µ2 + µ3
|µ1 − µ3| < µ2 < µ1 + µ3 (16)
|µ1 − µ2| < µ3 < µ1 + µ2
𝜇1 
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𝑂 0.5 
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FIG. 2: The permitted region of (µ1, µ2) for 3 element POVM.
The edges are excluded.
However, the measurement illustrated in Fig. 1 does not
describe the most general POVM. In order to indicate
the most general POVM one has to consider not the XY
plane but an arbitrary plane. Therefore to find the direc-
tion vectors in an arbitrary plane, one can rotate them
in Fig. 1 using the Euler angle. The completeness holds
under the rotation of the direction vectors. There are
three rotation matrices in Eq.(17)
R(ψ, θ, φ) = RψRθRφ, (17)
Where each rotation matrices is
Rψ =
 cosψ 0 sinψ0 1 0
− sinψ 0 cosψ
 ,
Rθ =
 1 0 00 cos θ − sin θ
0 sin θ cos θ
 , (18)
Rφ =
 cosφ − sinφ 0sinφ cosφ 0
0 0 1
 .
The direction vector of Fig. 1 are ~n(1) = (1, 0, 0), ~n(2) =
(cos θ12, sin θ12, 0), ~n
(3) = (cos θ13,− sin θ13, 0). Through
rotation matrix R(ψ, θ, φ), one can obtain new direction
4vectors such as
~m(1) = R(ψ, θ, φ)~n(1)
=
 cosφ cosψ + sinφ sinψ sin θcos θ sinφ
sinφ cosψ sin θ − cosφ sinψ
 , (19)
~m(2) = R(ψ, θ, φ)~n(2)
=
 cos(θ12 + φ) cosψ + sin(θ12 + φ) sinψ sin θsin(θ12 + φ) cos θ
− cos(θ12 + φ) sinψ + sin(θ12 + φ) cosψ sin θ
 ,
~m(3) = R(ψ, θ, φ)~n(3)
=
 cos(θ13 − φ) cosψ − sin(θ13 − φ) sinψ sin θ− sin(θ13 − φ) cos θ
− cos(θ13 − φ) sinψ − sin(θ13 − φ) cosψ sin θ
 .
It is difficult to optimize Eq.(11) analytically. There-
fore we use a Monte-Carlo simulation for optimizing
Eq.(11). Our strategy is as follows. We randomly se-
lect (µ1, µ2, µ3) in the region of Fig. 2. We examine a
minimum conditional entropy in the region [0, 2pi] to the
Euler angle ψ, θ, φ. It is found that a minimum condi-
tional entropy does not depend on φ.
Y. Huang and Lu et. al considered quantum discord
of special X states such as
ρAB1 =
 0.027180 0 0 0.1416510 0.000224 0 00 0 0.027327 0
0.141651 0 0 0.945269
(20)
ρAB2 =
 0.021726 0 0 0.1280570 0.010288 0 00 0 0.010288 0
0.128057 0 0 0.957698
(21)
and
ρAB3 =
 0.0783 0 0 00 0.1250 0.1000 00 0.1000 0.1250 0
0 0 0 0.6717
 . (22)
In ref.[15] they treated the quantum discord of the X
state using projective measurement. One can see that
the condition to the maximum of discord turns out to be
θ = pi/2. Quantum discords for the X state of Eq.(20),
Eq.(21)[15] and Eq.(22)[18] does not change dramatically
according to the measurement setting.
Table I shows the quantum discord of 3 element
POVM, that of 2 projective measurements and that
of measurement obtained by Ali et al.(δ2) respectively.
As we can see, δ3,min for ρ
AB
1 becomes 0.123010 which
is 0.001613 less than the minimum value of the quan-
tum discord obtained from 2 projective measurement in
[15](The quantum discord obtained here is a little dif-
ferent from the result of [15]. It is because the quan-
tum discord obtained in ref.[15] were expressed in terms
X state δ3,min δ2,min δ2
ρAB1 0.123010 0.124623 0.127575
ρAB2 0.107873 0.107948 0.108773
ρAB3 0.132730 0.132741 0.132751
TABLE I: Quantum discord for the states shown in
Eq.(20)-(22) when 3 element POVM(δ3,min), projec-
tive measurement(δ2,min) and measurement obtained
by Ali et al.(δ2) are used respectively. (µ1, µ2, µ3)
which minimizes the quantum discord can be found at
(0.4209,0.2938,0.2853) for ρAB1 , (0.4663,0.2489,0.2848) for
ρAB2 and (0.2748,0,2853,0.4349) for ρ
AB
3 respectively.
X state ∆3(δ3,min − δ2) ∆2(δ2,min − δ2)
ρAB1 −0.004565 −0.002952
ρAB2 −9.0030× 10−4 −8.2542× 10−4
ρAB3 −2.1109× 10−5 −9.6477× 10−6
TABLE II: Difference between the quantum discord of 3 el-
ement POVM( 2 projective measurement) and that of Ali et
al., which is denoted by ∆3(∆2).
of the natural logarithm(loge). In this paper Every re-
sults to quantum discord are obtained in terms of log2.
The results to quantum discord in terms of the natu-
ral logarithm(loge) can be found in Appendix.) In addi-
tion, δ3,min for ρ
AB
2 becomes 0.107873 which is 0.000075
less than the minimum value of the quantum discord ob-
tained from 2 projective measurement in [15]. Further-
more δ3,min for ρ
AB
3 becomes 0.132730 which is 0.000011
less than the minimum value of the quantum discord ob-
tained from 2 projective measurement. For 3 element
POVM, the optimized values to (µ1, µ2, µ3) turn out to
be (0.4209,0.2938,0.2853) for ρAB1 , (0.4663,0.2489,0.2848)
for ρAB2 and (0.2748,0,2853,0.4349) for ρ
AB
3 respectively.
Furthermore we can see that a better bound for ρAB1 ,
ρAB2 and ρ
AB
3 can be obtained from 3 element POVM. F.
Fanchini et. al provided an analytic formula for the sym-
metric X state[14]; however, it is known that the formula
may not be optimal. It is shown that quantum discord to
ρAB2 provides a lower value with 0.000075 than that of F.
Fanchini et. al. Table I and II clearly show that for the
quantum states ρAB1 , ρ
AB
2 and ρ
AB
3 , 3 element POVM
provide a better value to quantum discord.
IV. CONCLUSION
In this article we investigated the quantum discord to
X states considered by Y. Huang and Lu et. al. We in-
vestigated the worst error to quantum discord from the
analytic formula obtained by Ali et al. in case of gen-
eral X states and by the analytic formula of Fanchini
et al. in case of symmetric X states. By using projec-
tive measurement Y. Huang found the worst error to the
quantum discord obtained by Ali et. al. to be 0.002952.
In this paper we extend the worst case error to 0.004565,
by using 3 element POVM. Furthermore for symmetric
5two-qubit X states, it was found that by using 3 element
POVM that the analytical formula derived by F. F. Fan-
chini et al. is valid with worst-case error of 0.0009. In
addition, 3 element POVM was found to supply better
quantum discord for the state considered in Lu et. al. We
numerically simulated the lower bound to the quantum
states considered by Y. Huang and Lu et. al. However
we still need to provide an analytic optimal bound for
these states, which is in progress.
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Appendix. Quantum discord expressed in terms of
the natural logarithm(loge).
In the appendix we supply results to quantum discord
in terms of the natural logarithm(loge).
X state δ3,min δ2,min δ2
ρAB1 0.085264 0.086381 0.088428
ρAB2 0.074772 0.074824 0.075396
ρAB3 0.092001 0.092009 0.092016
TABLE III: Revisited quantum discord for the states shown
in Eq.(20)-(22) when 3 element POVM(δ3,min), projective
measurement(δ2,min) and measurement obtained by Ali et
al.(δ2) are used respectively. The values are expressed in
terms of the natural logarithm(loge).
X state ∆3(δ3,min − δ2) ∆2(δ2,min − δ2)
ρAB1 −0.003164 −0.002046
ρAB2 −6.2400× 10−4 −5.7214× 10−4
ρAB3 −1.4631× 10−5 −6.6871× 10−6
TABLE IV: Difference between the quantum discord of 3 el-
ement POVM( 2 projective measurement) and that of Ali et
al., which is denoted by ∆3(∆2). The values are expressed in
terms of the natural logarithm(loge).
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